GENERALIZED SPHERICAL HARMONICS

BY
M. H. PROTTER()

1. Introduction. In two recent papers Bers and Gelbart ([3] and [4](%))
considered certain classes of functions which are solutions of the differential
equation

() )

Their approach to these classes of functions was based on the Cauchy-Rie-
mann equations and the theory of functions of a complex variable. Certain
functions, called sigma-monogenic functions, were developed which satisfied
generalized Cauchy-Riemann equations; the real parts of these functions
satisfied equation (1.1). The sigma-monogenic functions were shown to
possess many of the.properties of analytic functions of a complex variable
and, in particular, to have power series developments in terms of generalized
powers a-Z™.

Any direct attempt at extending these results to second order equations
in three variables must fail because of the lack of a corresponding theory
of a complex variable. However, the generalized powers X™ and Y™, from
which the generalized powers Z™ were formed, can be arrived at without
touching the study of complex variables. In equation (1.1) suppose a solution
u exists of the form %(x, y) = X (x) Y(y). Let the initial conditions X (0) = ¥Y(0)
=1, X’(0)=Y’(0) =0 be imposed. The substitution of % into equation (1.1)
yields two ordinary differential equations which may be transformed into
integral equations. If the initial conditions are taken into account and a
process of iteration is applied to the integral equations, the powers X and
Y™ are obtained as coefficients of certain expansions; these are precisely the
powers obtained by Bers and Gelbart. Their results can be extended by the
method of approach described above.

The present paper considers classes of solutions of equations(®) of the form
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(*) The author wishes to express his appreciation to Professor Lipman Bers for his con-
siderable help and constant encouragement in the development of this paper.

(?) Numbers in brackets refer to the bibliography at the end of the paper.

(3 By a different process Bergman [1; 7] introduced methods for generating and in-
vestigating functions satisfying equation (1.1). His methods can also be generalized to yield
results in three variables. However, he only indicated in an abstract [2] how particular results
can be obtained for equations which represent a special case of the equations considered in this

paper.
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(1.2) {ou@)ri(y)m@)us} .+ {o2(2)ra(y)ma(2)y}y + {os(x)7s(y)7s(z) 0.}, = 0.

Certain generalized powers X®, Y Z(mn) are obtained and a class of func-
tions, R,.,(X, Y, Z), “polynomials” in these generalized powers, is formed.
It is shown that the functions R, (X, ¥, Z) possess the following properties.

(1) For each # and », R,, is a solution of equation (1.2) which isregular
in the entire space.

(2) The functions R,, can be computed by quadratures.

(3) Every solution #(x, v, 2) of equation (1.2) regular in the neighborhood
of the origin can be expanded uniquely in an absolutely convergent series of
the form

u(x, y,2) = 2, E L’E J(X,7,2),
n=0 v=0
where the coefficients a,,, are given by certain simple formulas.
(4) Every solution u(x, v, 2) of equation (1.2) regular in the neighborhood
of any point P(x, y, 2) can be expanded in a series of the same powers
R..(X, Y, Z) of the form

© 2n

u(x, y,2) = 2. 3 ZZ

a0 =0 7! m—o u=0

Qn,v

Bmu_

m,n(Xy Yy Z)y

where the coefficients «,,, and (8., are given by formulas similar to the a,,,
of (3) above, the B, being independent of u(x, y, 2).

In the special case in which equation (1.2) reduces to the Laplace equa-
tion in rectangular coordinates, the functions R,, become homogeneous har-
monic polynomials in x, y, and'z of degree #. Any harmonic function regular
in the neighborhood of a point can be expanded in an absolutely convergent
series of the form

2n

hd On,y —
> E Rn (%, 9, 2)

n=0 =0

where the coefficients o, are given by Taylor formulas.
2. On a class of spherical harmonics. The Laplace equation

(2.1) Uoz + Uyy + %, = 0
has the solution u(x, y, 2) =e*=efreir* if the relation
(2.2) o’ + -9 =0

holds. The function # may be considered as an analytic function of «, 8, and
v, and as such it may be expanded in a power series in these variables. From
(2.2), the relations y2™ = (a2+(?%)™ and v+ =~(a?4B%)™ hold. Hence, the ex-
pansion for # may be written in the form
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2.3) «=33 %"

n=0 v=0

{ n,2v(x’ y, Z) + i Rn+l,2v+l(x, yy Z)} ’

Y
n+1
where the coefficients R, are functions of x, ¥, and 2. In fact it is easily seen
that they are polynomials. Since %, considered as a function of x, ¥, and 2, is
a solution of the Laplace equation for all values of « and B if y?=a2+f?, each
coefficient in the expansion (2.3) must be a harmonic function. Hence R,,,
is a harmonic polynomial for each # and ».

Explicit expressions for the polynomials R,,.(x, ¥, 2) may be derived in
the following manner. First the function u(x, ¥y, 2) =e*%efve,™* may be ex-
panded in the form
0 akxk 0 ﬁlyl © (1:7)"’2'”

“(xr Y, z) = Z Z

k=0 k! l=0 l' m=0 m!

Then a rearrangement yields

o qhglgkyl o gm g?mH
- — 2m 1 .
(%, 9, %) k:;o Bl ,,,z_:o( D™ {(Zm)! +o (2m + 1)!}

From the binomial theorem we have

m !

,Y2m = (a2 + ﬂ2)m = E ,_”z'__azm—Ztha'

p=0 pl(m — p)!
and the expansion for %(x, ¥, 2) becomes
0 m —_ 1 mm! k+2m—~2p l+2ﬂxk l z2m z2m+l
Q) u= 3 3 S NTmlatirh y{ +z-y——-_—}
ko dm=0 p=0 RUpYm — p)! (2m)! @2m + 1)!

Consider first the terms of (2.4) for which k2 and ! are both even. Let
E=2r, l=2s, N=r+4+m+s, n=2N, and v=r+m—p. Hence the terms of
(2.4) for which both £ and ! are even can be written

0 2vB2N—-2v N—» » (_ l)N—r—-a(ZN) I(N —_r — s)!x2ry2c
2 Z PIDM

Neov=t (2N)! =0 r=0 2)!'2)(N — v — s)I(v — n)!
{ z2N—2r—2t zZN—Zr—-28+l }

(2N — 2r — 25)! + o (2N — 2r — 25 + 1)!

Since the above expression is in the form of (2.3), the explicit expressions for
R, .(x, v, 2) for the case k and [ even are

-R2N.4v(x, vy, Z)
(2.5a) N—y v (— DV 2N){(N — r — 5) la2ry2eg2N-2r—2s

=22

=0 10 (20)'(25)!2N — 27 — 25){(N — v — s)!(v — 1)!
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and

Ronyr,1(2, 3, 2)
(2.5b) Ni = (= D¥~r22N + 1)I(N — r — 5)la2ry2eg2¥=2r-241
TS5 @)e)IeN = 2r— 25+ DIV — v — 5)I(p — 7)!
in whichv=0,1,2,-.., Nand N=0,1, 2, - - ..
For the remaining combinations of k and / even and odd the expressions
for R,,.(x, ¥, 2) are

Rov,+2(%, 3, %)
(2.5¢) Nor v (= 1)V¥=r2(2N) (N — 7 — s)la2r+1y2e-1;2N~2r—2¢
- §,§, 2r + DI(2s — DN — » — )l — NIEN — 2r — 25)1
Roni1,0043(%, 9, 2)
(2.5d) N-» » (_ I)N—r—l(zN + 1) !(N —_—y - s) !xzﬁlyzt—lzzN—zr—zl"-l
T AL D) — DN —2r— 25+ DIV — v — ) Ip— 1)
R2N+1.Av(x, ¥, Z)
(2.5¢) Nor v (= 1)V=rs(2N 4+ 1)I(N — r — s) la2ry2etig2N—2r—2s
TES e F DN —2r— 29IV — v — )i — 0!
R2N+z,4v+1(x, Y, Z)
(2.51) Nr 2o (= 1D¥r2(2N 4 2)I(N — r — s) la?ry2etig2N-2r—2e+1
T ES N+ DN — 2 — 25+ DIV — v — )p — )1
Ronir,anta(2, 9, 2)
(2.59) N2 (= DV 22N 4 1)I(N — r — 5)la?rHlyleg2N—-2r12s
TS S G D)IE)ICN — 2r — 29IV —y — )l — )]
R2N+2.4r+3(x, Y, 2')
(2.5h) Nor v (= 1)N-r=2(2N 4 2)I(N — r — 5) la2rHly2eg2N—2r—2s+1

=22

S5 @+ DI — v — )l — DICN — 2r — 25+ 1)1

(2.6) THEOREM. For each n, the quantities R, ,(x, v, 2) form a set of 2n-+1
homogeneous, linearly independent, harmonic polynomials of degree n.

Proof. It has already been shown that each R, ,(x, ¥, 2) is a solution of the
Laplace equation. The expressions (2.5) show that R, .(x, ¥, 2) is a homo-
geneous polynomial in x, ¥, and z of degree % for each value of » and all #.

An enumeration shows that, for each #, there are 2n+1 polynomials of
degree . For n even (=2N) there are N+ 1 polynomials obtained from (2.5a),
N polynomials from (2.5c), N from (2.5f), and N from (2.5h). Hence there
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are 2n+1 polynomials in all. Similarly, an examination of expressions (2.5)
yields the result for #» odd.

The linear independence remains to be shown. Consider (2.5a) for a fixed
N and v. The expression for Ren,4(x, ¥, 2) contains as one term the monomial

(2N) !x2vy2N-2v
)
(20)1(2N — 2)!
which is obtained by setting » =v and s = N —v. All other terms in the expres-
sion for Rgy 4 (x, v, 2) contain z to some positive power. Now consider

Ryn 4 (x, ¥, 3) where »”4y. The monomial not containing z to some positive
power is

2.7)

(2N) !x2v’ y2N—-2v’

(2.8) (2v)!(2N — 2)! .

If a; and a; are constants, then a,Rax 4 +a2Ron 4,» =0 only if a; and a, are both
zero. This follows from the fact that two of the terms are expressions (2.7)
and (2.8) and all the remaining terms contain z to a positive power. Thus the
polynomials Rey 4,(x, ¥, 2),7v=0, 1, 2, - - -, N, are linearly independent. In a
similar way each of the sets (2.5b) to (2.5h) forms a linearly independent
set. The expressions (2.5) for the polynomials R, ,(x, ¥, z) show at once the
following oddness and evenness relations:

Rn:'(x' Y Z) = (_' l)lyllen-V(_x’ Y, Z),
(2.9 R..(x, y,2) = (— DatizUAR, (%, —1y, 3),
R"-’(xr yr Z) = ('_ l)an-V(xr yv —-Z).

Therefore no set can contain a polynomial which is a linear combination of
polynomials from other sets. Thus the 2z+1 polynomials of degree n are
linearly independent.

(2.10) LEMMA. The polynomials R, ,(x, v, 2) satisfy the differential recur-
sion formulas

i)
(2 . 113.) — Rh,v = an—l.r—2v
ax
i}
(2 . llb) - Rn,v = an—l.n
dy
d i)
(2.11¢c) — Rpop1 = #Ru 1.9 — Rpoy = — n(Rp—1,20-3 + Ru1,2041).
9z 9z

Proof. From the. defining relation u(x, y, z)=eefve’r*, it follows that
u.=au, uy=pu, u,=1iyu. The relation u,=au implies that
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0 n vﬁn—v a i‘y
Z Z {Rn.2v + Rn+l.2y+1}
n+1

n=0 y=0
©  n a"""ﬁ"“‘ i‘y
= Z Z {Rn,2v + n—-l-—l Rn+1,2y+1} .

n=0 »=0 n!

This equation is an identity in e, 8, and v; hence, coefficients of corresponding
terms must be equal. Therefore we have

] n! ) (n + 1!
6—an 2y = m Rn—1,2v—2) a—an+1,2v+l - T n,2v—1.

Formula (2.11a) follows at once from these relations. In a similar way
(2.11b) and (2.11c) are obtained.

If we apply the recursion formulas twice in (2.11a), (2.11b), and (2.11c),
and add, we get AR, ,(x, ¥, 2) =0, a fact already obtained.

(2.12) LEMMA. For all n and v the inequality(*)
| Rus(x, 3, 9) | < 2(| 2| +] y| +]3])
holds.
Proof. Cousider, for example, Ron 4(x, ¥, 2). From (2.5a) we have
N—v » (2N)'| x|2r|y|2a|z|2N—2r-2a(N_,_s)l

| Ron (2, 9, z)' = Z Z

S5 20)12s) 12N — 27 — 25)((N — v — )l — 1)

From the inequality
(N —7r—y9)! <”""‘ (N —r—3)!
N=v=95lp=1)!" 50 (N—v—35)!r—1)!
it follows that

= QN-r—s é 2N,

— (2N)'| xlzrl ylzalzIzN—zr—zc

25393

S5 (20129)12N — 2r — 25)!

Il/\

I RzN-U(xr Y, Z) I

On the other hand, we have
2N 2N-m (2N)!| xlml ylpl leN—m—p

(el +1sl 4= 2

m=0 p=0 m!p!(2N — m — p)!
N—v » (2N)!| xlzrl ylzal zl?N—?r—?c

=D IDY

55 (20)125)12N — 2r — 25)!

Hence we obtain

(*) This inequality is crude but sufficient for our purposes.
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| Rov,o(x, 3, 2) | S 28(| 2| + | 9| + [ 2] )2 = 22%(| 2| + | 9| + ] 2] )2~

In a similar way it is easily shown that each of the other formulas (2.5b)-
(2.5h) satisfies the same inequality.

Suppose u(x, ¥, 2) is a harmonic function, regular in the neighborhood of
the origin. Let us define the auxiliary functions

) = e 3,0, wlm2) = —uln 39|

Zea(
us(x, y) = wi(x, y) + us(x, y).
We consider a series of the form

2n
Qn,»y

(2.13) 3D

7m0 =0 7!

R...(x, v, 2)

in which the coefficients are given by the relations

vi(n — »)! 9™us(z, y)

e = n! 0x70Y™ | smymo
v=0,1,2,---,n;2=0,1,2,-
2.14) vi(n — v — 1)! 37 luy(x, )
Gttt = (n— 1! 079y 1 | pyeo’
v=012---,2—1;n=0,1,2,--+

(2.15) THEOREM. Let u(x, y, z) be regular in the neighborhood of the origin
and satisfy the equation Au=0. Then u(x, 9y, 2) can be expanded in a series

)

(2.16) u(x, ¥, 2) =

R..(%, ¥, 2)

n=0 y=0

in which the coefficients are given by (2.14). Further, the series

Z‘,E

n=0 y=0

n,v

9, %)

converges uniformly in a neighborhood of the origin.

Proof. Since u(x, v, 2) is regular in the neighborhood of the origin it can be
expanded in a Taylor series which converges absolutely and uniformly in the
neighborhood of the origin. Hence, the terms of this Taylor series can be re-
arranged, and we have

u(x, v, 2) = i{ 22" —Z Ran(%, 9, Z)}

a0 Ui n!
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The relations (2.14) are obtained by consideration of the polynomlals
R, ,(x, v, 2) | =0 and (8/9z) Ry, (x, ¥, 2) I .=0. An examination of the expressions
(2.5a)—(2.5h) shows that

nlxry™?
Rn.2r+1(xv ¥ 0) = 0, Rn.2'(xv ¥ O) =
vi(n — v)!
] d nlx?yn—r-1
_Rn.!xs y 2 =oy _R.' % )2 =
9z v(® 32) 20 9z marsa( Y )._o vi(n — v — 1)!

for all » and ». The function wus(x, ¥) thus has the expansion

n—1 xryn—r—l
2.17 y n, 20 n, 27 *
(2.17) us(x, y) = ggaz »i(n _,,)t+nz_o,z_";a i viln —v — 1)!

On the other hand us(x, ¥), as an analytic function of x and y in the neighbor-
hood of the origin, has the Taylor expansion

n ﬂ 'x yﬂ"

(2.18) w(z, 5) = 3 3 2=
n=( y=0
in which
a”u3(xv y)

n,»y

39y™" | poymo

The formulas (2.14) for a,, are obtained by equating coefficients in like terms
of (2.17) and (2.18). Now suppose the series (2.13) converges for |x| +|y|
+ I zI =ro. Then from Lemma (2.12) we have

| R, (%, ¥, z)l =< (2ry"
for all #» and ». Hence if (2.14) is taken into account it follows that

zz N Rz 3 8) | £ 3 30|22

n=0 =0 n=0 =0
®, 21 v'(n —»)! A
= E E _—' n,”
na=C ym=0 n:
0 2n A
§ E E n,”

n=0 r=0

Clp,y

(2’0) "

(2’0) "

(27 o) ",

But since the Taylor series for u;(x, ¥) converges absolutely and uniformly, we
have for sufficiently small r

io Zo o::.v [ R, (%, ¥, 2) I Eo Zo (2ro)n < M.
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3. Condition for solvability by separation of variables. Bers and Gelbart,
in their papers [3] and [4], considered a class of functions defined by solu-
tions of the equation

{£D ) + {220} -0

This second order equation in two variables is characterized by the matrix

o1(x)  7(y)
o2(x)  72(y)

In this section we shall be concerned with solutions of the second order
equation in three variables

{o1(®)m1(NT(@)ue} 2 + {o2(0)T2(y)T2(2) 4y} o
+ {os(x)rs(p)ms(z)u.} . = 0,

21=

(3.1)

characterized by the matrix

o1(%) 7',1()’) w1(3)
(3.2) Zy = || oa(x) T2y) we(2)
as(x) 73(y) w(2)

If the functions ¢;(x), 7:(¥), wi(2), 1=1, 2, 3, are arbitrary functions of the
variables x, ¥, z respectively (with sufficient differentiability properties), then
(3.1) will not, in general, admit solutions % of the form %=®(x)¥(y)X(z2).
This is shown in the following theorem.

(3.3) THEOREM. Let the coefficients oi(x), T:(¥), m:(2),1=1, 2, 3, of equation
(3.1) be analytic(®) functions of their respective variables. Then a necessary and
sufficient condition that (3.1) admit nontrivial(®) solutions of the form
u=®(x)¥(y)X(2) is that at least two of the three conditions

o3(%) 71(y) m1(2)

= const.,
(%) 73(y) a3

(3.4)

= const.

hold.

Proof. The sufficiency will be shown in §4 by the simple method of exhibit-
ing a class of solutions of equation (3.1) in which conditions (3.4) hold.
To prove the necessity suppose (3.1) admits a solution of the form

(%) It is sufficient to assume, for example, that the functions ai(x), 7:(y), m:(2), i=1, 2, 3,
have continuous first derivatives. However the applications of this theorem will be to cases in
which the functions are already analytic.

(%) A trivial solution would be one in which one or more of the functions &, ¥, X are con-
stant or linear in their respective variables.
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u=>&(x)¥(y)X(z). This solution, when substituted in (3.1), yields

/7’

x) , L4 ¥'’(y)
+ of (2)71(y)m1(2) P + oa(x)72(y)72(2) 20)

®(x)
i , v’ X"(2)
(3.5) + o2(x)74 (y)72(2) s + a3(x)73s(y)7s(3) X@)

a1(2)T1(y)m(2)

’

X
+ o3(%)73(y) s (2) X" 0.

If this last equation is divided by o3(x)73(y)m(2) and then differentiated with
respect to z, the equation

a2(x) (r2(MY’ T (y)) @ [ m(2) d. (ma(z) X"’ s ()X’
o3(x) { T3(y)¥ Ta()’)} dz <1rl(z) + dz{ m1(2)X + m(2)X }

is obtained. Equation (3.6) states that the product of a function of x, a
function of y, and a function of z is equal to a function of 2. This can hold
only if one of the following two cases prevails.

Case 1. my(2) /m1(2) =const.

Case 2.

(3.6)

oa(®) (¥ | () _
a3(x) {‘ra(y)\p Ta(y)‘If} = const.

First let us suppose that my(z) /71(2) =constant. Without loss of generality
we may let this constant be unity. Then, from (3.6), we find
m(2)X" 7 (5)X’

3.7 = =0,
3.7 @)X + @)X const a1

and
d
— {m(@)X'(2)} = ermi(2)X(a).
dz
Hence, we have
m3(2)X'(2) = le ‘11’1(2)X(z)dz + ¢

and

L | 4 s d
(3.8) X(2) = clf ws(E)f m1(n) X(n)dndt + czf ;(E?) + ¢s.

If expression (3.5) is divided by a2(x)72(y)m1(2) and then differentiated with
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respect to x, and if (3.7) is taken into account, the equation
d (c1(x)®”" ol (x)® 13(y) d (os(x)
Z;{ (%) ® ag(x)tﬁ} () fiZ{a,(x) }
results. Equation (3.9) implies that either 73(y)/71(y) =const. or o3(x)/ca(x)

=const. In either case the result follows. For the case o3(x) =02(x), the ex-
plicit expression for ®(x) is

(3.9)

z 1 & z ds
. = —_— ®(n)dnd —_—
(.10 #@) =& [ e [ st + s [ Stk
in which %, ks, and k; are constants of integration. The result for ¥(y) is
v 1 4 v mydé
(B.11) ¥(y) = - f 0 f [Ear1(n) + 75(n) [¥(n)dndE + f ® + ma,

in which m; and m, are constants of integration. If, however, 73(y) =71(y),
the expression for ®(x) is of the form (3.11) and that for ¥(y) of the form
(3.10).

In Case 2, the fact that we have

(%) {72(3’)‘1’" 4 ()Y
o3(x) U rs(y)¥ 3(y) ¥

} = const.

implies that

a2() ra(y)¥"’ 7 (Y
= const. and = const. = ;.
o3(x) s(NY (9

This yields an expression for ¥(y) of the form of (3.10). If we suppose
a2(x) =03(x), equation (3.6) becomes

d XII 4 X/

={m ) | O O } =0,

dz m1(2) m1(2)X mi(2)X

and the solution for X(2) is of the form of (3.11). Finally (3.5) is reduced to

71(y) no_
W d—x(dlé) = const.

This implies that

71(y) /73(y) =const.,

completing the proof.
We note that in Case 2 the expression for ®(x) is that given by (3.10).
The result obtained in Theorem (3.3) carries over directly to second order
equations in the # variables %1, %2, - - -, x,. Consider the equation



1948] GENERALIZED SPHERICAL HARMONICS 325

(3.12) zﬂ:{ Zn: a.-i(xi)“z.-} 3 =0,

fem] J=1

characterized by the matrix

a1l d12 Q1n

a1 Q22 Q2n
(3.13) T =

Qnl Qn2 ° ° ° Opq

in which ayj, ¢, j=1, 2, - - -, n, is a function of the variables x;. We assume
that «;; is analytic for all 7, (7).

(3.14) DEFINITION. Suppose that in the jth column of matrix (3.13) all the
elements a;; except aj; are proportional. Then the matrix is said to satisfy
Condition A in the jth column.

(3.15) THEOREM. A necessary and sufficient condition that (3.12) admit a
nontrivial solution u of the form

w(xy, g+ + -y x0) = ]| ®i(xs)
f=l

is that every column of (3.13) except at most one satisfy Condition A.

The proof follows the same method as the proof of Theorem (3.3).
4. Generalized powers. As stated in Theorem (3.3) the equation

Lu = {o1(2)r1(9)m1(2) %2} o + {o2(2)72(y)7m2(2)t0y }y
+ {e@r(G)mEu} . = 0

admits a solution of the form u = ®(x)¥(y)X(2). It will be assumed that the
coefficients, characterized by the matrix

(4.1)

oi(x) 7i(y) m(2)
(4.2) 3= | oo(x) 7Tay) ma2)
il aa(x) 71(y) wa(2)

are analytic(8) functions of their respective variables. Further, it will be
assumed that the functions of (4.2) are positive so that equation (4.1) is of
elliptic type.

A formal solution of (4.1) can be obtained from the expressions for ®(x),
Y¥(y), and X(z) given by (3.10), (3.11), and (3.8), respectively. We accom-

(7) These conditions can be weakened.
(%) For the definition of the powers and of the generalized spherical harmonics, it is suffi-
cient that the coefficients of equation (4.1) have, for example, continuous first derivatives.
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plish this by substituting the initial conditions and then applying a process
of iteration to each of the integral equations (3.10), (3.11), and (3.8). The
initial conditions ®(0) =1, &’(0) =0 transform (3.10) into

P z
Bw) =1+ Qfo o1(£2)

in which for convenience the constant %; has been replaced by ;. We solve
this equation by the method of successive approximation; we have

&2
f o2(tr) (61 dfads
0

) =1+ c:f: a1(%2)

4 z 1 & & 1 £
dtr - d
+ R fo o2(&s) fo (D j:) oa(£1)dér £

.l. PR
We define the function X©@"(x) by the rule

z 1 13
X@m(x) = (Zn)!fo 0’1(51)1; oa(ts) -

(4.32) §2n—2 1 §an—1
| vt RGOSR
0 2n—!

Then the expression ®(x) takes the compact form

3]
f o2(£1)dEdE,
)

2n __(2n)

s aX () )
(4.4) P(x) = ;_o —————(Zn)!

The convergence of (4.4) follows from the inequality

4.5) X (x) < [Ilnax {Ug(t) ()} ]hx’" = Mnyg?n,

Thus (4.4) is dominated by the convergent series
il {clM(x)-x}“

2

n=0 (2”) !

The series for ®'(x) and (1/02)(d/dx)[0:®’(x)] converge from similar con-
siderations.

If the initial conditions ®(0) =0, ®’(0) =¢1/51(0) are inserted in (3.10), the
series for ®(x) becomes

z & g2 1
&(x) = —dE .- d o
(%) leo () Clj; lj; szo o 31 £+
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If the definition
X(2»+1) (x)

(4.3b) r*1 & £ 1 $2n—1 fn 1
=(2n+1)!f -—f azf —f dzf —dE1 - - - dEann
0 01v 9 0o 01 0 0 a1

is made, the expansion for ®(x) takes the form

" 211;4-1 (2n+1)
O RS
n=0 (2"’ + 1)'

The functions X®(x), =0, 1, 2, - - -, will be called generalized powers.

In a similar way, the iteration process applied to expression (3.11) for
¥(y), first with the initial conditions ¥(0)=1, ¥’/(0) =0 and then with the
initial conditions ¥(0) =0, ¥’(0) =c,/7:(0), leads to the definition of the gen-
eralized powers in y. Thus we have

v 1 n 2 1 a2 1 MRn-1
Y(zn)(y) = (znl)f —f Tlf —_—. e . f —f 1-1d111 Y dnzn,
0 T2vYo [ ] 0 T2v 0

(4.6)
v 1 m T2n—1 T |
Y(2"+l)(y) = (2n + 1)!f —f Ty * f T1 —dny -+ - danyr.
0 T2V 4 0 T2
Then the two expansions for ¥(y) become
2n__{2n) 2n+1__ (2n+1)
® ¢ ¥V ® ¢ Y
¥(y) = Yy =) .
0) = 2 (2m)! O =X @2n+ 1)!

The convergence of these series follows from the same reasoning employed
to show the convergence of (4.4).

To obtain the generalized powers of z the process of iteration must be
applied to the solution

O

subject first to the initial conditions X(0) =1, X’(0) =0 and then to the condi-
tions X(0) =0, X’(0) = (3 +&)2/73(0). For the conditions X(0) =1, X’(0) =0,

1 o, ,
) j; {ermi($s) + coma($) } X(52)dS1dte

1 o, 2
X(z) =1 —f —f {6111'1 + Cz‘ﬂ'g}d"ldg'z
0 m3J o

z 1 1 1 1,
+f —_f -{cfm + c:wz}f —f {cfm + C:Wz}di'l e dty
0 W3 o 0 m3d o
+ ...,
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and hence

2 (21 o0 2 ¢ 1 N
X(Z) =1- le ‘—f r;di‘ldg‘z - Cgf —f 1r2d§'1d§'2
0 T3Yo 0 M3Y o
(1 rn 21
+C1f '—f 1l'1f —f LT/ ST /o
0o 3 0o w3Jo
5 f2 1 $3
+01€z{f f rlf ——f mod{y - -
w3 0 0 m3Jo
1 f2 1 83
T Y Y e S
0o m3Jo o w3Jo

(4.8) DEeFiNITION. The generalized power
Z(2m.2n)(z)

is the coefficient of &™2" in the expansion (4.7).
Then the expression for X (3) is

@.7)

2m 2» (2m,2n)

mtn _L_—Q.
X(z) = m§o(— 1 @m + 27)]

It will be useful to obtain explicit expressions for the powers Z®m.2m(z),
If one of the indices is zero, the generalized powers of z are

s 5 f2 1 fom—2 1 Som—1
Z(2”"°)(z) = (2m)!f — w;f — e f f mdy s ¢ dem,
3
. z 51 I | I I | Son—1
Z0Im(g) = (2n)!f — sz — f f wed{1 + + + dfon.
0 m3 0

We note that these are similar to the powers X @™, Y@, For the general case,
we define the quantities

s 1 &1 f1
4= f — f m1d814¢ s, B = f m2d$ 18,
o w3 o 3

and we make the convention that a symbol of the form AABABB - - - A,
which consists of a finite product of 4’s and B’s arranged in a particular order,
shall represent the iterated integral of the A’s and B’s (and not the product
of the integrals obtained by integrating the 4’s and B’s separately).

(4.9) LEMMA. The generalized powers Z@m2™(2) are given .by the formula:
Zem2n)(3) = (2m + 2n)![the sum of the (m + n)!/(m!n!) terms,

4.10
( ) consisting of all the distinct permutations of m A’s and n B’s].
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Proof. We proceed by induction. The result holds for the cases n=0,
m=0,1, 2, ---,and for the cases m=0, =0, 1, 2, - - .. This follows at
once from the explicit expressions given for Z@?m9(zg) and Z©:?"(z). Thein-
duction will be complete if the result is shown to hold for Z®m+2.22)(z) on the
assumption that it holds for Z®m:2m(3) and Z®m+22+2(g). The quantity
Z@mt2.2m)(g) is obtained first by adjoining at the right end of each of the
terms of the expression for Z®m2n)(z) the element A4, and then by adjoining
the element B to the right end of the terms of Z@»+2.2—2)(2), Hence there are

(m + n)! (m + n)! _(m+n-l—1)!
min! m+Din—1)! (m+ 1)

terms in Z®m+2.28)(z), each of which is a different one of the permutations of
m+1 A’s and n B’s.
To obtain the generalized odd powers of 2, the initial conditions

2 1/2
(1 + @)
7I'3(0)
are inserted in the integral equation for X(z). The expansion becomes

X(z) = (1 + ‘:)1/2 {fo‘ wf(?l)

i S L 2 2 1
- f il f (e + camy) f — dtdtadls + — - - } .
0 T3v o 0 T3

Then the odd powers of Z are obtained by equating the coefficients of ¢,
and ¢, in the above series with the coefficients of ¢; and ¢; in the series

X(©0) =0, X'(0) =

) 212 o (— 1)
X(z) = (c1+ ¢ca) m’z";o m + 2n + 1)!

It is easily seen that the explicit expression for any odd power, Z®m2m+1(z),
is obtained by adjoining the element

fn e
o ws($a)

to the right end of each of the terms that make up Z@m2)(3),

m+n 2m 2n 22m.2n)+1
1 C2

(4.11) LEMMA. The generalized powers of Z satisfy the recursion formula

d d
(4.12) E{“(z) wmme }

= 2m + 2n)(2m + 21 — 1) {m(Z @220 (3) + 7y(5)Z @m0 (3) ).
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Proof. We proceed by induction. The result clearly holds for the cases
n=0,m=0,1,2, - - -, and for the cases m=0, =0, 1, 2, - - - . This follows
from the simple integral expressions for Z?m9(z) and Z©?"(3). The induc-
tion will be complete if the result is shown to hold for Z®m»+2.2%(z) on the
assumption that it holds for Z@m2"(z) and Z®m+2.2»-2(z). From the explicit
expressions obtained in Lemma (4.9), Z®»+2.2)(2) may be written symbolically

Z@m2.3m(5) = (2m 4 20 4 2)(2m + 20 + 1)[Z@m20(5)4 4 Z@mr2.20-0(5) B),
Then we have

_d_ {1(3(2) i Z(2 m+2,2n) (Z)}
d; dz

¥
= (2m+ 2n+ 2)(2m + 20 + 1) {2m + 20)2m + 2n — 1) [71(z)Z*™22" (2) 4
+ wz(z)Z(zm-z"‘z)(z)A + ﬂ(z)z(zm,zn- 2)(2)3 + 1r2(z)Z(2"‘+2'2"*‘)(z)B] } ,

and again employing Lemma (4.9), we obtain

d

d
—_ - Z(2m+2,2n)
° {n@ i <z)}

= Q2m + 2n + 2)(2m + 2n + 1) [mZ@m20)(3) 4 mpZ 2mt22n=2(5) ],

‘We note that the same formula and same argument apply to odd powers of Z.

5. Generalized spherical harmonics. It was seen in §2 that the poly-
nomials R, ,(x, ¥, z) form a class of solutions of the Laplace equation Ax =0.
A corresponding class of solutions of equation (4.1), Lu =0, is obtained by
the substitution of generalized powers for ordinary powers in the polynomials
R, ,(x, v, 2). The method for replacement consists first of the substitution of
the generalized powers X™ and Y™ for x™ and y*, respectively; then the
variable 2?¥—%—2 js replaced by

(v—r)!(N—v-—s)!Z
(N —r—y3)!

(2v—27r,2N—2v—2s) (Z) .

Thus a term x?y2z2¥—2r—2 corresponds to
v—=1IN—-»—253)
(N—r—3s)!

!
~ X @0 (x)Y 20 (y)Z (- 2r2N-2-20) ()

With these replacement the polynomial R,,.(x, ¥, z£) becomes the function
R..(X, Y, Z), a “polynomial” in the variables X, ¥, Z.

(5.1) DEerFINITION. The functions R,,.(X, YV, Z) are called generalized
spherical harmonics.

(5.2) TuEOREM. The generalized harmonics R, (X, Y, Z) are solutions of
equation (4.1) for all n and v.
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Proof. Consider, for example, the harmonic polynomial

N—» » )N—r—c(ZN) I(N —_y — s)lxzr 2322N—2r—-2u

Roy.ar(z, y,2) = 20 2

s=0 =0 (2r)'(2s)'(2N —2r=29)p — NIV — v — 5!

which transforms into the generalized harmonic

N—v v (_ l)N—r-t(ZN)!X(2r)Y(2c)Z(2r—2r,2N—2v—2:)

RuvelX, ¥,2) = 2 2, (2r)1(25) 12N — 27 — 25)!

Direct substitution of Rax.s,(X, ¥, Z) into equation (4.1) yields
N—v » (._ l)N—r-c(ZN) !X(2r-2)Y(‘h)Z(2v—2r.2N—2»—2c)a.2(x)7.1(y)1rl(z)

DD

— 1 (2r — 2)1(25)1(2N — 2r — 25)!
N—-v » (_ I)N—-r—c(ZN) !X(2r)Y(23—2)Z(2v-2r.2N—2v~2a)o.2(x)71(y)1r2(z)

+X X

a1 re0 (2r)1(2s — 2)I(2N — 2r — 2s)!
N-v v—1 (_ I)N—r—a(‘ZN) !X(Zr)Y(?n)Z(2v-2r-2.2N-27—2a)0-2(x)71(y)1r1(z)

+X X

S5 (2r)1(25)!(2N — 2r — 25 — 2)!
N-v=-1 v (_ l)N—r—a(ZN) !X(?r)Y(2J)Z(2v—2r.2N-—~2r—23—2)0.2(x)1.1(y).n.2(z)

+X X

S 5 (2r)1(25)1(2N — 27 — 25 — 2)!

It is seen by inspection that the first and third terms cancel and that the
second and fourth terms cancel. In a similar way, the R, ,(X, ¥, Z) for other
values of # and v may be shown to satisfy the equation.

6. Expansion theorem. It is the purpose of this section to show that every
solution of equation (4.1) regular in the neighborhood of the origin can be
expanded uniquely in a series

6.1) w3 ) =53 2 (X, ¥, 2)

n=0 y=0

provided that the coefficients of (4.1) are analytic functions of their respec-
tive variables. It is convenient to introduce the function

k k k
m(r) = max max max max {o;(2), 7 (), m; (£)}.
i=12 j=123 k=1,—1 |t|Sr

From the definitions of X™, ¥, and Z™ " given by (4.3), (4.6), and (4.8),
respectively, it follows at once that

l X(")(x)l =< m"(x)l xl"
|y () | = mo(9) | 3],

lZ(2v—2r,2N—2v— m)| < (N—r—y3)!

T =N —p—3s)!

(6.2)

2N- 2r—2s l 2 I2N—2r—23
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(6.3) THEOREM. If the series

(6.9) 3|5 B2 R a9, 9)

ne=0 | y=0

converges in a neighborhood of the origin, say for

|%| +]| 3| +]|2] =7,

then the series

(6.5) wz, y =53 2R

n=0 »=0 n!

R.,(X,Y,2)

converges absolutely and uniformly in a sufficiently small neighborhood of the
origin. Further, the function u(x, y, 2) is a solution of equation (4.1), and the
series (6.5) can be differentiated term by term with respect to the variables x, vy,
and z.

Proof. From the inequalities (6.2) we have

)3PD 'B”'l |Run(X, 7, 2)| = 33 M»

n=0 y=0 n=0 r=0

| R, (%, ¥, 2) [

| Bnos |
n!

Itis clear that (6.4) represents a harmonic function and hence Theorem (2.15)
may be applied. Thus the series
IPITE
N0 y==0
converges uniformly in the neighborhood | x| +|y| +| 3| <#¢/2M. Since (6.4)
represents a harmonic function the above argument may be applied to the

derived series of (6.4) and (6.5). Hence the series (6.5) may be differentiated
term by term. If the series (6.5) is substituted in equation (4.1), we find

hd ﬂn,v a — . 6 —
Z Z [01111!'1 - Rn,r] + [Usz‘lrz - Rn.r]
! dx z 2 v

n=0 »=0 " y

l R, .(%, ¥, 2) |

Jd _
+ [0‘2‘1'11!'3 — R,‘,.] = 0.
’ 9z s

By Theorem (5.2), R..(X, Y, Z) is a solution of (4.1); hence the function
u(x, ¥, 2) given by the series (6.5) is a solution of (4.1).

The following lemma, stated without proof, is a simple generalization of a
lemma given by Bers and Gelbart [4, Lemma 6.1].

(6.6) LEMMA. Let F(z1, 22), Gi(21), Ga(22), Hi(21), Hs(22), be analytic func-
tions of 21 and 2. defined in the neighborhood of the origin. Let Foo(z1, 25) = F(z, 22)
and define
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( d
Gi(z1) — Fiy,i(21, 22), i odd,
dzl
d L.
Ga(z2) d_z—F 5.i-1(31, 22), 7 odd,
6.7 Fii(z1y 29) = dg ,
Hi(21) — Fi-1,4(z1, 22), i even,
d21
d .
Hy(22) — Fi,i-1(3, 22), 7 even.
\ dzz

Then there exists a positive constant C such that
(6.8) | F:i(0, 0) | < (i + )\Cé+i.

In carrying over the analogy of the expansion of solutions of the equation
Au =0 to the equation Lu =0, we find it convenient to introduce derivatives
with respect to generalized powers. If we suppose u=u[X(x), Y(y), Z(2)],
then we define

ou ou %u 1 ] ( au)
—_— = al(x — = —_— 1 —_—
X ox dx  ogy(x) Ox ox
and, in general,
iy 3 a%u w1 3 iy
= g1(x) — ’ = — .
ax dx dXn 3X™  gy(x) 9x dX2n1
The derivatives with respect to ¥ are defined by the similar formulas
a2n+l“ F:] azn,u a2nu 1 F:] a2n—lu
ay2ntl dy aY2» Yy r1y(y) 9y 9yl

For the present development it is merely necessary to define the first deriva-
tive of % with respect to Z. This becomes

ou ® ou
—— z —
0z e

Suppose %(x, ¥, 2) is an analytic function of x, y, and z in the neighborhood
of the origin. We shall employ the auxiliary functions.

3
©.9) ui(x, y) = u(x, 3,0), us(x, y) = iz u(x, ¥, 2) )
us(x, y) = w(x, y) + us(x, ).

We also define the quantities
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vin — ) 0mu(x, y)

Bn.2» = l 3
n! 0X"9Y ™" |z
(6.10) =0
viln — v — 1)! 0" luy(x, y)
ﬁn.b—l-l = .
(n - 1)! aX'aY”_'—l Loy

(6.11) THEOREM. Let u(x, y, 2) satisfy equation (4.1), Lu=0, and be an-
alytic in the neighborhood of the origin. Then, if the gquantities B,, given by
(6.10) vanish for all n and v, the function u(x, y, z) vanishes identically.

Proof. From the definition of generalized derivatives with respect to X

and Y and from the fact that 7,(0) 0, it follows that

ou

et =0.

63’ gm0
Similarly it follows that all derivatives of #i(x, ¥) and #%s(x, ¥) vanish at the
origin. Since Bo,0=%: (0, 0) =0 and B1,1=u%2(0, 0) =0, it follows that u3(x, y)
vanishes identically. Then %(x, ¥, 2) vanishes identically in the xy-plane and so
does its derivative with respect to z. Hence, by the Cauchy-Kowaleski
theorem, the function #%(x, y, 2) vanishes identically.

(6.12) THEOREM. Let u(x, v, z) be a solution of equation (4.1), Lu=0,
regular in a neighborhood D of the origin. Let the quantities 3., be formed as in
(6.10). Then the series

(6.13) ‘ZZ i

n=0 ym0 !

R..(X,7,2)

converges and represents u(x, v, z) in some neighborhood of the origin contained
in D.

Proof. Consider the series

had Bﬂ 14
(6.14) Z Rus(2, 9, 2).
n=0 y=0
From relations (6.10) and Lemma (6.6), we have
vi(n — v)! n viln —vy — 15 -
l Bn,Zvl _S_ __—) n!Ch I ﬂn.2v+l| é . (n - 1)'02 !
n! (n —1)!

For |x| +|y| +]|2| =2¢ and for all 7 and », the relation | Ran(x, v, 2)| Se
holds. If we take into account the inequality »!(z—»)!<n!, then it follows
that the series (6.16) is dominated by the series Y _no(Ce)™. Hence, for e<1/C,
that is, in the domain |x|+|y|+]|2| £2/C, the series (6.14) converges.
From Theorem (6.3) it follows that (6.13) converges in a sufficiently small



1948] GENERALIZED SPHERICAL HARMONICS 335

neighborhood of the origin. By Theorem (6.11) the function u is represented
uniquely.

7. Binomial formulas for generalized spherical harmonics. The solutions
of equation (4.1), Lu=0, considered thus far have been those regular in the
neighborhood of the origin. Suppose now that Lx =0 has a solution u(x, y, 2)
regular in the neighborhood of some point P(xo, ¥o, %0). The development in
this case would consist first of defining the generalized powers X™, Y™ and
Z™m in the same way as was done in §4. Here, however, the lower limits of
the integrals defining X™ are x, instead of zero. Similarly, for Y™ and
Zmm the lower limits of the integrals would be y, and 2, respectively. With
these definitions of generalized powers, the generalized spherical harmonics
R..(X, Y, Z) can be formed in the same way as in §5. For these harmonics de-
fined “with respect to the point P” we introduce the notation R,,,(X, ¥, Z; P).

Since R,.,(X, Y, Z; P) is a solution of Lu =0 regular in the entire space, it
can be expanded in terms of R, ,(X, ¥, Z; 0)=R,..(X, ¥, Z). That is, the
theorems of §6 can be applied. Thus we have

R..(X,Y,Z;P) = Z o Rn(X, ¥, 2),
m=0 p=0 °

which follows directly from the expansion theorem, (6.12). The coefficients
am,, are given by the formulas (6.10) with %(x, y, 2) replaced by
R..(X, Y, Z; P). From the definition of generalized harmonics it is clear that
R..,(X, Y, Z; P) contains no generalized power of degree greater than n. The
generalized derivative of a generalized power follows the same rule as the
ordinary derivative of an ordinary power. The formulas (6.10) for the coefhi-
cients oum,, consist essentially of the various mth derivatives with respect to
X and Y evaluated at the origin. Hence, since R, (X, ¥, Z; P) is a “poly-
nomial” in X, ¥, and Z, all derivatives greater than the nth will be zero.
Thus am,, =0 for m >n. Then the series for R,.,(X, ¥, Z; P) is

(7.1) R..(X,Y,Z; P) = iz i m «(X,7,2)

M=l p=0
in which
pl(m — u)! 8™R.,(X, Y, 0; P)
ml aXrayms l,_,,_o

QAm,2p = ’

(1.2)
ulim — p — 1)! om1 9
Am,o0ut+l1 = [ ,,,(X Y Z P) }]
(m - l)! AXHQY m—u—1 6Z 2em0) Zemym0

By the results of §6 a solution #%(x, ¥, 2) of Lu=0 regular in the neighbor-
hood of a point P(xy, ¥o, 20) can be expanded in powers of R,,(X, ¥, Z; P).
Thus we have
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(7.3) w(x, v, 3) = iz B"",‘ Ran(X,Y,Z; P)

nm0 =0 !

in which the coefficients 8., are given by the formulas

s vi(n — v)! 3™u(x, v, 20)
2 =
0 " nl XY™ | omzyymuy
: p viln —v — 1)! 91 { d ( ) }
s = ——ulx, Y, 2
n,2v4+1 (n _ 1)! 0X*oY "1\ 9Z Y 2=y, e 20, Y=Y

The expansions (7.3) and (7.1) yield the following theorém.

(7.5) THEOREM. Let u(x, v, 2) be a solution of Lu=0 regular in the neighbor-
hood of a point P(xo, Yo, 20). Then u(x, v, 2) can be expanded in the series

(7.6) W) =23 SR R, x,7,2)

710 r=0 M! meo =0

in which the om,, and B, are given by (7.2) and (7.4), respectively. (The
generalized harmonics R, ,(X, Y, Z) are those taken with respect to the origin.)

8. Examples. If the spherical coordinates x =7 sin 6 cos ¢, y =7 sin 0 sin ¢,
z=r cos 0 are introduced, the Laplace equation becomes

9? d ou
8.1) sm0——<r2— __u+ ( o._>=0'
sin 8 d¢? a0

As is well known, any solution of (8.1) can be expanded in the series

L] o

PITDD (An cos me + B, sin me) P, (cos 6)

n=0 m=0

where the A7, By are constants and the Pj(cos 8) are the associated Legendre
functions. (8.1) is of the type of (4.1) with the coefficients forming the matrix
r2 1 siné
1 1 1/siné@
(1 1 sinéd
The generalized powers X™(r), Y™ (¢), and Z™(0) can be formed, and

any solution of (8.1) analytlc in the neighborhood of a point P can be ex-
panded in a series

0 2n

(8.2)

R..{X(r), Y(¢),Z8)}

n=0 »=0

in which the coefficients are given by formulas (7.4).
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It is clear that the quantities

n.m sin
r P, (cos 6) me
cos

satisfy relations of the form

a m sin no2k ag,
r P,(cos6) mp=, > 2 Ry (%, 3, 2)
cos k=0 r—0 k!

where the coefficients o;, are given by (2.14), These coefficients can be
evaluated with the aid of Ferrer’s formula. (See [6, p. 392].) From this
formula it follows that

2wim™n!

r sin
8.3) f (z + ix cos v + iy sin v)" mydy =
— co!

,.P,,.( 0 sin
S (m-l-n)!r n {c08 co! -

S

We introduce the quantities
m-+n+ 1 m -+ n m + 1 m
e=[ 2 ]_[ 2 ] f=[ 2 ]_[7]’
n+1 n
g=[ 2 ]_[7]
where m=0,1,2,---,n2=0,1,2,---,and we let

_ (= 1)™r*e(m + n)im!
T pi2mtne[(m + n)/2]!
(8.4) THEOREM. Every solution of the Laplace equation of the form

Amn

n.m sin
r P,(cos8) m¢
cos

can be expressed as a linear combination of the quantities R, ,(x, ¥, 2) given by:

[n/2]
n_m
7 P,(cos6) cosmp = Amn . Rusoin

y=0

T Gt I i it Dt et LI
8.5 & E)lm— 2D D/ 2 D p/a—si1 T even)
[(n—1)/2]
=Amn 2 Ruzerins
y=0
[m/2] —1)! -2 i(n—2 21—
(=1)¥m+20 =2+ (n—2+ O or men odd);

1= Q)m—=2D((m+f)/24v—D((n—g—1)/2—v+1)!
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[(n—=1)/2]
n_m .
7 Pn(cosf) sinmp = Amn O, Ruzarii-o

yu=0

[(m=1)/2)’ (=D m+2v—21—f)(n—2v+21+g)! .
. (for m—+n even)
im0 2+1)(m—2—-1)((m—f)/24+v—D((n+g)/2—v+1])!
[(n-1)/2]
(85) = Am.n Z Rn.2(2v+o)+1
ye=(0
[(m—1)/2] (=D ¥m+2v=21—f)(n—2v+21—g)!

(for m~+n odd).

im0 2+ m—21—-1)((m—f)/2+v—])((n+g)/2—v+I)!
Proof. Multiplication of (8.3) by ¢~ yields

1™ "2rn! ,,P,,.( )
———— 7 P, (cos 6) cos mo,
(m + ! e

and a similar expression with sin (mg¢). On the other hand, the definition of
the polynomials R, .(x, ¥, 2) as the coefficients in the expansion of the func-
tions e*?efve’r* implies that

(8.6) f (% cos v + y sin v — iz)" cos mydy =

2 (ax 4+ By + iv2)"
2

u = exxtBytive =

n=0 n!

L n arﬂn—r ,i,y .
= E E Rn.b + Rn+1_2,+1 .

a=0 =0 1! n41

Hence we have
Re (ax + By + #y2)* = 2 a’8""Ra.
=0

and

n—1

Im (ax + By + i3)* = v &8 Ru. 1.
y=()

If the substitution a=cos v, B=sin v is made, the relation a®+82=+?2 yields
v=1=1,

n
Re(xcosv+ ysino + iz)" = E cos’ v sin™” 9R, 4,
=0

and
n—1
Im (xcosv+ ysino + 42)* = + 3 cos’ v sin"! 9R, 311.

=0

Multiplying by cos (mv) and integrating from —x to +m, we find
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L g

Re (x cos v + y sin v + 42)" cos mvdy

®.7n

n

kg
= Z R0 f cos’ v sin"™* v cos mvdy,
»=0 -7

and a similar expression for the imaginary part. For the case of m and =
even relation (8.7) becomes, after integration,

L

Re (x cos v+ sin v+ 43)" cos mudy

—_—

(8.8) w2 miz (—1)mA(m—20+25) l(n+ 21— 29) 12z
= E E Rn.4v (Zl ) ’
e ) i(m—21) {(m/2— I-+») K/ 21— ) (m+n)/2) 12+

For both m and 7 odd (8.7) yields a similar expression. A comparison of (8.8)
with (8.6) yields, for both m and # even,

7" P; (cos 6) cos me
_ (=)™ 2(mt-p) ! 212 m/2 (=1)¥Ym—214-2») (n+21—2v)!

nl((m+mn)/2)12mtn =5 R"'”,_Zo @0 (m—20y(m/2—1+v) (n/24+1—v)! '

The remaining relations, (8.5), are found by a study of the various combina-
tions of m and 7 even and odd.

If the cylindrical coordinates x =v cos ¢, ¥ =v sin ¢, 2=w are introduced,
the Laplace equation becomes

?u 1 8% O du
(8.9) vimt e Tt T
Equation (8.9) is in the form of (4.1) with the matrix
1 1 9
1 1 1/
1 1 v

We consider the generalized spherical harmonics generated by equation
(8.9) about the point Py:w=0, ¢ =0, v=1. In this case the powers X ™ (w)
and Y™(¢) are merely the ordinary powers w" and ¢", respectively. The
powers Z™™(y) can be formed according to the methods of §4. Since, as is
well known, the function cosh (w) cos (n¢)J,.(v) is a solution of (8.9), we have
the expansion

w 2k

[(8:10)  cos (nw) cos (n)a(s) = X 3 — R, { X(w), ¥(4), Z(1)}

k=0 »=0 k .

a
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in which

)

A2k, 4y = (Zk)!
(20)1(2k — 20)!
Q2k41,4v+1 = -—l-((z}z)f)- (_ 1) k—vnzk-zpjnr (1),

Qi art2 = Qb 4r+8 = Q2k41,40 = Ok, dr41 = 0.
Hence, the series (8.10) can be written

cosh w cos (n¢)J(v)

B w0 k (2v)l(2k - 21’)! _ R Jn(l)_. J.! (1) _
= Eo go _—(Zk)!- ( l)k n?k 21 [(Zk)! 2k,4» (2k_—+ 1)! R2k+l.lv+1].

In:particular, for w=¢=0 we have the series expansion for the Bessel func-
tion J,(v)

e E o (2)I2k — 2)!

= _ (- 2k—v,,2k—2v
- Ja(®) kz_o §, Y (— 1)y
) [J,.(l) Jl (1) ]
. ___Z(Zr,2k—2v) _|_ _______Z(?v,2k—2y)+1 .
(2k)! (2% + 1)!

Each of the generalized powers of Z in (8.11) consists of the sum of integrals
of the type fx*(log x)dx. Therefore each term of the series can be obtained
in closed form.

When expressed in rectangular coordinates the quantities cosh w
-cos (n¢)Ja(v) are solutions of Ax=0. Hence, by the results of §4 we can ob-
tain the expansion in the ordinary harmonics

= 2k ﬁkr

cosh w cos (ng)J.(v) = D D

k=0 »=0 k !

Rk,r(x, ¥, Z) .

To obtain expressions for the Bessel functions in terms of the harmonics
R, ..(x, y, 2), that is, to evaluate the coefficients B, above, we make use of
the formula (see [6, p. 396])

f exp (x cos % + y sin % — iw) cos (mu)du = 2wi™e* cos (mp)Jm(— iv).

Then by an argument similar to the one employed in the proof of Theorem
(8.4) we have
i™ cos w cos (me)Jm(—1%v)
i z": l%’l (= 1)'ml(m—2+2v+1) ((2n+2—20) Ry 41200402, 3, 5)
= ’
o i @) m—=2)12n+N [((m+1)/2]4Hv—1} s+ —2) ] [(m+1) /2] -+ } 12mtants
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—im sin w cos (me)Jm(—1v)
2 & (= 1)'ml(m— 20420+ (2842 —20) Ronisi1.20m4041(%, 3, 2) .
nor0 10 (D) Um—W2n+f+DU [(m+1)/2]4v =1} M+ —)1{ [(n41)/2]4n} 2mionts
In particular, for w=¢ =0, we get the expansion for the Bessel function
Jm(—1%)
(—1)Im214/ ], (—ix)

m & w2t (2 (= 1) m—42n—20+1)!

=2 Z G DKt D2 = tm—20)([m+1)/2]+n—D)!

Stepanoff [5] has considered those Euclidean transformations of co-
ordinates

x = X(t, b3, t3), y = Y(t, &, ts), 3 =2Z(t, ts, ts)

which transform the Laplace equation into an equation possessing solutions
of the form u=Ti(t,) T2(¢2) T5(t5). It is shown that there dre essentially five
such transformations; in each case the transformed equation is in the form of
(4.1). Hence, the methods employed in this section for the Legendre and
Bessel functions may be applied to the remaining three cases considered by
Stepanoff. In particular, expansions for Lamé and Mathieu functions can be
found.

The case of second order equations in more than three variables offers no
essential difficulty. For » variables there would be #—1 generalized powers
each with one index and one “power” with #—1 indices. This fact and the
type of equation that can be considered are shown in Theorem (3.15).
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